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1 Stochastic Analysis

1 Stochastic Analysis

1.1 Ito’s Formula

To handle Ito’s formula one only need to remember

dB*=dt, dB,dt=0, (dt)*=0

To derive Ito’s formula for an Ito process X, satisfying dX; = b(t, X;)dt + o(t,X;)dB; (o is
matrix when X and B are vectors) and arbitrary function f(t, x), remember to perform Taylor’s
expansion to 2 order:

dF(1 X)) = Vo (8, X)dt + Ve f(1X,) - dX + %(dXt)T V2 X,) - (X)) (1.1)
_V.fdt + V. f - (bdt + cdB,) + %(bdt +0dB)T -VAf - (bdt +0dB)  (12)
— V,fdt +V.f - (bdt +cdB;) + %(adBt)T V2f - odB, (1.3)

Denote A : B = }};; a;;b;; we have

(0dB,)" - V'f -(0dB)) = ) dBj0ud};fojxdBf

Lk,i,j
= > owopdl fdt = oo’ : VA fdt
k.i,j
then we have Ito’s formula
1
df(t,X;) = (Vif + Vuf -b+ EUUT V2FYdt+ (Vif) -0 - dB, (1.4)

For an SDE, sometimes we define an infinite small generator £ as
1
Lf=V.f-b+ EO'O'T L VA
1.2 Forward Equation

Here we wish to derive a PDE to describe p(t, x), where for s < t

p(x,tly,s)dx = P{X,; € [z, z +dx)| X, = y}
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For arbitrary f(x), from Ito’s formula 1.4 we have
t
X=X = [ VF (XD B(Xrr)dr 40 (X1 dBL)
1 t
+ / Z O%f (X,) ai; (X, 1) de
l’]

where the diffusion matrix a(zx, t) := o(x, t)o L (x, t).

Because f [-]dB; = 0 and denote X = y, take expectation we get
t
Ef (X0~ fy) =E [ Lf (Xeio)ds

Take derivative of time on both side

/ f(@)- dupla. tly, s)da = / Lf(@.7) - pla.ly. s)de
Rd Rd

that is
(f,0ip)r2 = (Lf.p)rz = (f, L7p)p2

we get

owp=L"p

This is forward equation (or Fokker-Planck equation), where "forward" means taking derivative
of future time ¢. We can calculate that the adjoint of L is

Lf(@0) = Vo (b Of @) + SV : (ala, 0f )

where VZ : (af) = X;; 9ij (aij f) -

1.3 Backward Equation
For arbitrary f(x) define

ulyos) =¥ F (X0 = [ f@hptly. )iz, s <
du(X;,7)=(0;u+ Lu)(X;,r)dtr+Vu-o-dW;

Taking expectation

1 1 !
lim p— (B¥ u (X, t) —u(y,s)) = }im p— / EY* (0,u+ Lu)(X,,7r)dr
-5 -st—s Jg

t—s

= Osu(y, s) + Lu(y,s)
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Based on
EYSu (X,,t) = BY¥* f(X;) = u(y,s)
we get
Osu(y,s) + Lu(y,s) =0
and then

(9517(33’ t|y7 S) + Lyp(m’ t|y7 S) = O

This is backward equation. Backward means taking derivative of previous time s.



2 SDE & MCMC

2 SDE & MCMC

2.1 SGLD

Let’s say we want to sample from p(0|X) = p(0)p(X|0)/Z. We hope p(8|X) is a stationary
distribution of SDE d6, = b(6,)dt + o(6;)dW;. The forward equation is

0 1
= =Yg (ub(8) + 5V : (00" )

If y; = p1,(0;) is the stationary distribution, then % =0.

Now we set
U(0) = logp(X|0) + logp(0)
(which means p(0|X) = exp(U(60))/Z),
b(0) = 1VoU(6) and 0(6) = I, then 28 = V- (1, VU(6,)) + 1V - (Vpir) = 0 =

Vo - (u:VoU(0)) = Vo - (Vopur) (2.1)
HeVoU(0) = Vopu, (2.2)
pr o< exp(U(0)) o p(0|X) (2.3)

Now we can discrete the SDE (df; = %VgU(@t)dt + dW;) to simulate p(6]X) ! (And we only
need to use the score function VyU(0) = Vylogp(0]X).)

2.2 Stochastic Gradient Hamiltonian MC

Still we define U(0) = logp(X|0) + logp(0) and H(O,r) = U(0) + %rTM_lr. Introduce an augment
variable r and, define a joint distribution (6, r) o exp (—H(8,1)).

Now let’s dive into this 2-order SDE:

0]  [o -1]] vVu® 0 0
R A ) PO L PR
= —[D + G]VH(6, r)dt + N(0, 2Ddt) (2.5)
whereG:[? _()I],D:[g %}



Its Fokker-Planck equation is

0ipi(0,7) = VT {[D + G] [VH(0, r)p;(0,7)]} + V' [DVp,(0,7)]
= V' {[D + Gl [p:(0,r)VH(O, 1) + Vp,(0,7)]}

Let z = (0, r), here we use

VI [DVp,(0,r)]
= Zij azi [Dij(z)aszt(z)]
= 340z, [Dy@0pi )] + 24y 02, |(0:,0(2)) pi(2)|
= Zij aziazj [Dij(z)f)t(z)]
because 9,,D;;(z) = d,,B;;(0) = 0
and VT [GVp;(0,7)] = —000,p:(0,7) + 0,00p:(0,7) = 0.

Because
e HOIVH(G, r) + Ve O =

so it’s easy to see (6, r) is the stationary distribution of the 2-order SDE.

2 SDE & MCMC

(2.8)



3 Wasserstein

3 Wasserstein

See section 4 of Convergence of Langevin MCMC in KL-divergence.
Wasserstein distance is

W) = [ (I - wlB) ")

, where y* = (Id, T,p:), pt and Ty, is the optimal transport map satisfying Top¢pt = v. The
optimal displacement map is defined as T,,; — Identity. (Monge formulation)

The constant-speed-geodesic p; between v and 7 satisfies:
* Moo=V, M1 =T
« Waps, pe) = (s — )Wa(v, )
o py = (Id+tv]), v, wherev] isthe optimal displacement map

We define the metric derivative for a curve p; as

2 i V2 (Kes, p2r)
z lim ———~=
s—t |S — tl

I
If p; is constant speed geodesic between v and 7, then

Wi (pe,v) [ lIx = yliZdy; (x, y)
12 B 12
_ [ llxx = (Id + toZ)(x)||2dv(x)
- =

- / o7 (o) 2w ()

Thus |u;| = \// loF (x)|l5dv(x). It is also equal to Wy(v, 7) from the above bullet 2.
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4.1 General Case
OE
Orpr ==V - (vp) = V- (utV (5— (ut)))
He
4.2 SGLD

Define energy function

E(u) * - / U(0)(6)d6 + / 1(8) log (8)d6

El EZ

If U() = log pe, then E(ir) = KL(p||po).

we have
Ok _ -U O _ logpu+1
Sy Su s

substitute this in Eq 4.1 we get

4 Gradient Flow

1 1
Orpy =V - (uV(=U +log ;) = =V (EﬂtVU(Gt)) + EVG (Vi)

This is same as the FPE in 2.1. So that FPE is also a gradient flow.



5 Generator of Stochastic Process

5 Generator of Stochastic Process

5.1 Definition

Let’s say {x;}; is a continuous time stochastic process, then its generator is

fxe) = fxo)
t

61 = TELfG)lxollim = limEl )

The generator of SVGD has not been studied yet due to the interaction of particles, while that
of SGLD is straight forward:

5.2 Generator of SGLD

SGLD is .
Xe & Xo + EVIng(xO) + \/Ery

where n ~ N(0, 1). Then its generator is

6 (e = lrg ELL )= F o) 5.1
i B[V £ (x0) (e = x0) + 3 ;coﬂVZf(xo)(xt ) RGO S
= 2V fCw)! Viogp(xa) + Bl Vi) 63)
= %V fTVlogp + %Trace(Vz Flx=x, (5.4)

10



	Stochastic Analysis
	Ito's Formula
	Forward Equation
	Backward Equation

	SDE & MCMC
	SGLD
	Stochastic Gradient Hamiltonian MC

	Wasserstein
	Gradient Flow
	General Case
	SGLD

	Generator of Stochastic Process
	Definition
	Generator of SGLD


